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An unsteady flow phenomenon of clear air turbulence was investigated by numerical simulation integrating flight

data of encounterswith severe turbulence. Todetermine the initial condition of thenumerical simulation based on the

flight data, the four-dimensional variational method was employed. The validation of the present method was

conducted by using pseudo flight data that are obtained from a reference flowfield produced by the numerical

simulation. Then the four-dimensional variational method was applied to two actual severe turbulence cases to

reproduce theflowfield of these turbulentflows.The validation results showreproducibility of theflowfield, evenwith

spatially limited measurement data such as flight data, as long as the data involve primary flow features. Unsteady

flowfields of turbulence were successfully simulated by using the four-dimensional variational method based on two

cases of actual flight data. The results show the existence of vortices that correspond to clear air turbulence. In

addition, the existing hazard indices F-factor and root-mean-square normal load were applied to the reproduced

flowfield to obtain a spatial distribution of these hazard indices.

Nomenclature

Cp = heat ratio for constant pressure
E, F = viscous and inviscid fluxes in the x and y

directions
e = total energy per unit volume
F = F-factor
g = gravity acceleration, m=s2

H = enthalpy
Hi = measurement operator
HA
i = adjoint operator of Hi, transpose of H

L
i

HL
i = linearized operator of Hi

J = objective function
L = Lagrangian
Lx = integration interval for �w
Mi = Navier–Stokes equations written as a time-

advancing operator
MA
i = adjoint operator of Navier–Stokes equations,

transpose ofML
i

ML
i = linearized operator ofMi

N = number of time steps for numerical simulation
Nf = number of data along the flight path
p = pressure, Pa
p0 = reference pressure, 105, Pa
Q, Qi = primitive flow variables
qx, qy = heat fluxes in the x and y directions
R = gas constant for air, 287, J=�kg � K�
Ri = measurement error covariance matrix
R0 = modified gas constant, R�p1��

0

S = gravity term

T = temperature, K
t = time, s
U = conservative flow variables
u, v = velocity in the x and y directions, m/s
Va = air speed
Vg = ground speed
�v = average of the vertical wind in the interval of Lx
x, y = horizontal (flight path) and vertical (altitude)

coordinates, m
yi = measurement vector
� = transformation matrix of flow variables
� = specific heat ratio, 1.4
�n = normal load, g
� = potential temperature, K
�i = adjoint variables, Lagrangian multiplier
� = Exner function
� = density, kg=m3

��n = root-mean-square normal load
�w = root-mean-square vertical wind
�xx, �xy, �yy = viscous tensor

Subscripts

i = index for the time step
j, k = indices for the x and y directions

I. Introduction

C LEAR air turbulence (CAT) has a serious impact on aviation
safety, and in some cases, it results in serious injury of crew and

passengers. CAT is not detected by existing airborne radar because
CAT is not associated with rain clouds, which reflect radio waves.
Kelvin–Helmholtz (K–H) instability is known as one of the causes of
CAT; however, the detailed mechanisms of CAT are not yet fully
understood. The reasons are considered to be the difficulty in finding
its existence and the lack of observed data. Although the
measurement of temperature inversion will help to locate the shear
layer and a regional weather prediction will tell us of a hazardous
region of turbulence, their spatial resolution is not enough for
avoidance of CAT. For these reasons, a turbulence-prediction
method based on forward-looking in situ velocity measurements is
strongly desired for aviation safety.
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The Japan Aerospace Exploration Agency (JAXA) has been
developing an airborne turbulence-detection system using light
detection and ranging (lidar) [1,2]. Flight tests were successfully
conducted using the resulting 2-km-range lidar. A lidar of 10-km
range is under development to obtain enough measurement range.
The objective of the lidar is to perform forward-looking
measurements of airflow velocity for the detection of CAT. A lidar
measures the local velocity of the atmosphere by detecting a Doppler
shift in light scattered by aerosols such as dust and vapor in the
atmosphere; therefore, the measurement data obtained from the lidar
are the velocity components in the forward direction. For this reason,
an algorithm that detects the existence of turbulence from lidar
measurements is required for the practical application of the lidar. As
candidates of such algorithms, several algorithms that compute
hazard indices have been proposed, not only for CAT, but also for
wind shear [3–6]. A wind-shear-prediction algorithm to be coupled
with radar or lidar measurements was proposed by Stratton and
Stengel [7]. In their research, a parameterized microburst model was
used to optimize the parameters in the prediction model. A more
realistic representation of a turbulence flowfield would improve the
turbulence-detection capability of these wind-shear-prediction
algorithms.

Regarding the research related to the flowfield of air turbulence, a
model that represents a flowfield by a combination of two-
dimensional vortices was used to identify CAT based on flight data
[8,9]. Numerical simulations of air turbulence have also been
performed based on large eddy simulation (LES) in [10–16]. They
investigated several kinds of air turbulence, such as convectively
induced turbulence and wake turbulence. In that research, a finer
computational mesh was employed than that for a regional weather
prediction. As described by Hamilton and Proctor [10], a mesh
resolution of 50m is needed to capture at least 97%of the cumulative
aircraft load distribution. They also mentioned a certification toolset
for a newly developed airborne turbulence-detection system based
on a numerical simulation of air turbulence [11]. LES of air
turbulence would allow a more realistic flowfield characterization in
comparison with the simple vortex model; however, the setting of
initial and boundary conditions of air turbulence is not a trivial
problem, due to its unsteadiness and a computational domain with
open boundaries.

Use of observation data to improve the reliability of numerical
simulation is known as data assimilation in the community of
numerical weather simulation scientists. Data assimilation
techniques such as the four-dimensional variational (4D-var)
method [17] and ensemble Kalman filter (EnKF) [18] determine a
flowfield based on observation data; therefore, they can reduce the
dependency of simulated flowfield on an artificial setting of initial
and boundary conditions. In the case of the 4D-varmethod, the initial
flowfield is set in such a way that the unsteady flow computation
starting from this initial condition will result in a flowfield that
matches the correspondingmeasurements in time. On the other hand,
the EnKF sequentially modifies a numerical solution based on the
difference between numerical and measurement result when consid-
ering model and measurement errors. Funamoto et al. [19] proposed
an integration method of numerical flow simulation and ultrasonic
measurements for medical application, the named ultrasonic-
measurement-integrated (UMI) simulation method. The UMI
simulation method was applied to the flow in an aorta in which
ultrasonic color Doppler measurements are used to compensate
inaccuracy of numerical flow simulation. In the present research
using flight data that are composed of spatially limited time-series
measurements, the 4D-var method produces a flowfield that is more
kinematically consistent with the flight data. It is because the 4D-var
method recalculates the flowfield to find an initial condition, such
that the simulated result best fits the measurements within the
assimilation-time interval. This means that any forcing term due to
the difference between numerical and measurement results is not
applied during the numerical simulation of theflowfield.On the other
hand, aflowfield ismodified sequentially based onmeasurement data
during a single run of numerical simulation of the flowfield in the
case of sequential data assimilation techniques such as EnKF [20].

As a step to construct a CAT-detection algorithm based on a
detailed representation of the flowfield, the present research attempts
to reproduce the flowfield of CAT by integrating numerical
simulation of atmospheric flow and the flight data acquired during
encounters with CAT. In the numerical simulation, the gravity term
was considered, and the 4D-var method was applied to incorporate
flight data into the numerical simulation. This paper describes the
formulation and numerical method of the 4D-var method for the
integration of theflight data atfirst. Becausemeasurement data in this
research are spatially limited to those on the flight path, the validation
of the capability to reproduce a flowfield by the limited measure-
ments is conducted using several idealized test cases. Then the results
based on actual flight data are presented. In addition, distributions of
the hazard indices F-factor and root-mean-square normal load,
which were obtained from the reproduced flowfield, are shown.
These hazard indices evaluated from the reproduced flowfield could
be used as a reference hazard field for the evaluation of the hazard
indices obtained from radar or lidar simulation, as described by
Hamilton and Proctor [11].

II. Methods

A. Basic Equations and Numerical Method

Basic equations are the two-dimensional compressible Navier–
Stokes equations:
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Conservative variables U� ��; �u; �v; e�t are converted into
primitive variables of Q� �p; u; v; ��t, which are used in the field
of weather prediction:
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where Q, E, F, and S are expressed as follows:
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Inviscid and viscous fluxes in the second term in the left side of
Eq. (1) are converted by multiplying the inverse of transformation
matrix in Eq. (5), in which subscriptsp and � represent derivatives in
terms of p and �, respectively. The equation of state for ideal gas,
p� �RT, was employed to close the Navier–Stokes equations. The
equation of state is rewritten by using the potential temperature,
instead of the temperature based on a relation between the potential

temperature and temperature, �� T�p=p0��
1
��1�, as follows:

p� R0����� ; R0 � R�p1��
0 (6)

where p0 denotes a reference pressure and is set to 105, Pa.
Inviscid numerical flux is computed based on Roe’s flux-

difference splitting method using primitive variables interpolated by
a monotonic upwind scheme for conservation laws (MUSCL)
scheme [21]. A total-variation-diminishing limiter is not used in the
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MUSCL interpolation. The viscous term is evaluated by the second-
order central-difference scheme. Numerical simulation is performed
based on the standard Smagorinsky model withCs � 0:16, in which
rotation correction was not applied [16]. The fourth-order Runge-
Kutta method is used for the time integration.

B. Boundary and Initial Conditions

A sponge boundary condition, which gradually decreases the
update rate of the solution near the boundary, is used for the upper
and lower boundaries. The mesh spacing near these boundaries is
increased to form a buffer region. A free boundary condition based
on characteristic velocity is applied to the left and right boundaries.

Vertical profiles of the horizontal velocity and potential tempera-
ture are given as initial conditions of the 4D-var method. These
variables are set to constant for the horizontal direction. The initial
condition of vertical velocity is set to zero. The initial condition of
pressure is given by the following equations to obtain hydrostatic
equilibrium under the normal gravity condition:

p� p0�
Cp
R ; �� �g �

g

Cp

Z
y

0

1

�
dy (7)

where �g is an Exner function at the ground surface.

C. Measurement-Integration Method

The 4D-varmethod is employed to integrate the flight data into the
numerical simulation. The objective of data assimilation based on the
4D-var method is to obtain an initial flow condition that reproduces
corresponding measurements during the unsteady flow simulation,
starting from this initial flow condition [17]. Figure 1 shows a
schematic of the 4D-var method. Vertical and horizontal axes show
flow state and time, respectively. A solid line shows a trajectory of
the real flow state. Broken lines show trajectories of the simulated
flow state, starting from different initial conditions. The 4D-var
method is the method to obtain the initial condition of the real flow
state by evaluating the difference in these trajectories.

The differences of measurements (usually, measurements have
less information than with the numerical simulation) and
corresponding numerical results evaluated by conducting the
numerical simulation over a period of time are represented as an
objective function with respect to an initial flow variable Q0:

J�Q0� �
1

2

XN
i�0
�Hi�Qi� � yi�TR�1i �Hi�Qi� � yi� (8)

where Hi is an observation operator that converts the dimension of
computational flow variables into that of measurement data to
evaluate these differences. Subscript i shows a time step of the flow
computation, and N is the total time number of time steps.
Equation (8) is a function ofQ0; that is, the measurement-integration
process is formulated as a minimization problem of J�Q0� with a
control variable ofQ0. The 4D-var method has the capability to treat
measurement error through a measurement error covariance matrix
Ri; its elements are the covariances between each measurement
points. It is a reasonable assumption thatmeasurement errorsmade at
different location are uncorrelated [20]. In that case, Ri becomes a
diagonal matrix, which consists of variances of measurement error at

each measurement location. In addition to this assumption, the
variances of measurement error at each measurement location were
set to unity: that is, Ri is a unit matrix The estimation of the velocity
vector from flight data involves an error due to an interpolation of the
time series data; therefore, the appropriate estimation of measure-
ment error variances of the reproduced velocity vector is not
straightforward, and it exceeds the scope of this paper.

To obtain the gradient of J�Q0� used for the minimization of
J�Q0�, a Lagrange function is introduced using aLagrangemultiplier
vector �i, as follows:

L� J�Q0� �
XN
i�1
�Mi�1�Qi�1� �Qi�T�i

� 1

2
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�
XN
i�1
�Mi�1�Qi�1� �Qi�T�i (9)

whereMi represents the Navier–Stokes equation operator written as
a time-evolution operator, which is a nonlinear function of Qi. The
gradient of J�Q0� is obtained through the process to find a saddle
point of the Lagrange function (9): that is, a point at which the partial
derivatives of the Lagrange function (9) vanish simultaneously in the
space spanned by Q0, Qi and �i (i� 1	 N). At a saddle point,
@L=@Q0 � 0, @L=@Qi � 0, and @L=@�i � 0 (i� 1	 N). The
requirements for @L=@�i � 0 (i� 1	 N) are satisfied by using the
Navier–Stokes equation operator to advanceQi. The condition of the
partial derivatives in terms of QN ,
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where HA
N is a transpose of a linearized measurement operator HL

N .
The condition of the partial derivatives in terms of Qi

(i� 1	 N � 1),
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i R
�1
i �Hi�Qi� � yi�; �i� 1	 N � 1� (13)

where MA
i represents an adjoint operator of the Navier–Stokes

equation, a transpose of a linearized Navier–Stokes equation
operator ML

i . The equation from the condition that the partial
derivatives of the Lagrange function (9) with respect toQ0 gives the
following equation:
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Because L� L�Q0;Qi;�i� and Qi and �i�i� 1	 N� depend on
Q0, the gradient of the Lagrange function L with respect to Q0 is
obtained by the chain rule as follows:
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At a saddle point, @L=@Qi � @L=@�i � 0 (i� 1	 N). And L� J
when the Navier–Stokes equation is satisfied; that is,rQ0

L�rQ0
J.

Therefore, the gradient of J�Q0� is obtained as follows:

Real flow

Time

Flow state

Measurements

Modification of
initial flow state

Reproduced flow

Fig. 1 Schematic of measurements integration procedure based on 4D-

var method.
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rQ0
J�rQ0
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0R
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The procedure to obtain the gradient is rewritten based on Eqs. (11),
(13), and (16) as follows:

� N�1 � 0 (17)

� i �MA
i �i�1 �HA

i R
�1
i �Hi�Qi� � yi�; �i� N;N � 1; . . . ; 0�

(18)

rJQ0
� �0 (19)

Equations (17–19) show that the gradient of J�Q0� is obtained by the
inverse time integration of �i using the adjoint operator MA

i with a
force term: HA

i R
�1
i �Hi�Qi� � yi�.

Figure 2 shows a flow chart of the 4D-var method. First, the initial
flow condition is given by vertical profiles of the horizontal velocity
and potential temperature. Pressure is set to hydrostatic equilibrium
and vertical velocity is set to zero.Numerical simulation is performed
through a certain period, with evaluation of the objective function
equation (8). An adjoint forcing term in Eq. (18) is also evaluated
during the numerical simulation and stored. Flow variables of all
time steps are also stored, because these are used for the integration of
the adjoint equation. Then the adjoint equation is integrated to obtain
the gradient of J�Q0�. After obtaining the gradient, minimization of
J�Q0� was conducted by the quasi-Newton method through
modifying the initial flow variable Q0. The Hessian matrix is
approximated using the limited-memory Broyden–Fletcher–Gold-
farb–Shanno (BFGS) method [22,23]. In this method, memory
requirements are reduced because the approximated Hessian matrix
is not stored explicitly. If the update of the initial flow variable is
larger than a convergence threshold, the numerical simulation is
performed using the updated initial flow vector and the preceding
procedure is repeated again.

Evaluation of the difference between the flight data and numerical
results was made at an arbitrary flight position in the computational
domain, in which the flight data are interpolated in time to obtain
flight data at an arbitrary time referred by the numerical simulation.
Figure 3 shows the interpolation between the computational nodes
and the flight position. To compare the flight data at the arbitrary
flight position with the computational results, the results on the
computational nodes surrounding the flight position are interpolated
into the flight position. This procedure corresponds to the
measurement operatorHi in Eq. (8). The J�Q0� is evaluated from the
difference between the flight data and the interpolated computational
results. Then the difference is distributed from the flight position to
the surrounding computational nodes to compute the forcing term of
the adjoint equation in Eq. (18). These procedures are performed at
every time step of the numerical simulation.

III. Handling of Flight Data

The two encounterswith severe turbulence, inwhich the change of
vertical acceleration exceeds approximately one, are described. The
wind velocity vector estimated from the flight data was integrated
into the numerical simulation. The potential temperature was also
incorporated into the numerical simulation. The time-dependent
flight position and velocity vector at the position in the three-
dimensional space were estimated as follows. The horizontal flight
position was estimated by integrating a ground speed that is the
output of the inertial navigation system. The vertical position was
estimated from the pressure altitude. The horizontal velocity
component was estimated from the true air speed, ground speed,
heading of aircraft, and drift angle. The vertical velocity component
was estimated from the true air speed, pitch angle, angle of attack,
and climb rate of an aircraft [24]. Then the wind velocity vector was
reduced to a two-dimensional vector consisting of flight distance
direction and altitude direction components, because the numerical
simulationwas performed in two dimensions of these directions. The
velocity vector and potential temperature at each flight position were
used as measurement data. That is, only one velocity vector and
potential temperature on the flight position were integrated into the
numerical simulation at one time step. Vertical profiles of the
horizontal velocity and potential temperature were used for the initial
flow condition of the 4D-var method. These vertical profiles were
obtained from the flight data or regional weather prediction results.

A. Case 1

This case was the turbulence that a Boeing 767 encountered at an
altitude of approximately 4000 m during descent. Figure 4a shows
the velocity components estimated from the flight data, and Fig. 4b
shows the potential temperature and vertical acceleration. A drastic
change of vertical velocity occurs from 2000 to 4000 m in distance.
Maximum and minimum vertical acceleration were approximately
2.3 and 0.4, where the normal gravity condition corresponds to unity.
Figure 4c shows vertical profiles of the horizontal wind and potential
temperature. These were obtained from the flight data, in which a
long range of the flight data was used to obtain the vertical profile. As
shown in Fig. 4c, a large fluctuation of horizontal velocity, on the
order of 1000 m in altitude direction, can be seen.

B. Case 2

In this case, an Airbus 320 encountered severe turbulence at an
altitude of approximately 6500m during ascent. Figure 5a shows the
velocity components estimated from the flight data, and Fig. 5b
shows the potential temperature and vertical acceleration. The peak
of the vertical velocity component is not clear, comparedwith case 1;
however, relatively large vertical velocity is seen in the range
between 6000 and 9000 m in distance. The vertical profiles of the
horizontal wind and potential temperature shown in Fig. 5c were
given by a regional weather prediction model that has been used for
planning a flight test in JAXA [25]. Initial and boundary conditions
of the regional weather prediction model are given by a regional

Initial flowfield

    Compute gradients
  by integrating adjoint  
            equation

  Large eddy simulation
   (Evaluation of error)

Update initial flowfield using    
      quasi-Newton method

Convergence

End

no

yes

Fig. 2 Flowchart of the 4D-var method in the present study.
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k

ti
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Fig. 3 Schematic of computations in measurement operator and

adjoint forcing term.
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spectral model provided by the Japan Meteorological Agency. A
jump in horizontal velocity indicates large vertical wind shear.

IV. Hazard Indices

The existing hazard indices F-factor and rms normal load were
applied to the reproduced flowfield to evaluate their turbulence-
prediction capability. Hazard indices calculated from the reproduced
flowfield are used as a reference field for evaluation of the hazard
indices obtained form radar or lidar simulation.

A. F-Factor

The F-factor in a two-dimensional vertical plane is represented as
follows, with the assumption of a small flight path angle [3]:

F�
Vg
g

@u

@x
� v

Va
(20)

where Vg and Va are ground speed and air speed, respectively. The
relation Va � Vg � u is applied to obtain Va, where constant flight
speed and direction are assumed. F-factor represents the decrease of
excess thrust due to wind shear, and positive value of the F-factor
corresponds to a decline of virtual aircraft performance.

B. Root-Mean-Square Normal Load

The root-mean-square normal load ��n is based on a moving 5-s
average of aircraft normal loads [10]. In this hazard index, 0:2 g 

��n < 0:3 g corresponds to moderate turbulence and ��n � 0:3 g
means severe turbulence. It is shown that the peak of ��n is
proportional to a peak normal load:

�njpeak � 2:6385��njpeak � 0:0085789

The ��njpeak is estimated from amoving 5-s average of vertical wind
�w, assuming a specific aircraft. In the present study, the relationship
between the ��njpeak and the �w was obtained by formulas taken from
Hamilton and Proctor [10]. The �w was computed from a reproduced
flowfield based on the following equation:

�w�x� �
�
1

Lx

Z
x�Lx2

x�Lx2
fv�x0� � �v�x0�g2 dx0

�1
2

(21)

where Lx is set to the flight distance of 5 s.
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Fig. 4 Flight data for case 1: a) velocity components, b) vertical acceleration andpotential temperature obtained fromflight data, and c) vertical profiles
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Fig. 5 Flight data for case 2: a) velocity components, b) vertical acceleration andpotential temperature obtained fromflight data, and c) vertical profiles
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V. Results

A. Numerical Experiment Using Pseudo Flight Data

A numerical experiment was performed to validate the method
suggested here. In the numerical experiment, pseudo flight data were
extracted from the target flowfield obtained from the numerical
simulation of K–H instability andwere used as measurements for the
4D-var method. The 4D-var method was applied to find the initial
flowfield reproducing the target flowfield realized by the numerical
simulation. Numerical uncertainties for computation of an
atmospheric turbulence can be neglected by using the pseudo flight
data obtained from the numerical simulation results; therefore, the
capability of the 4D-var method coupled with spatially limited
measurements was investigated here.

1. Computational Setup

The computational domain was two dimensions of 16,000 m in
width and 8000 m in height, as shown in Fig. 6. The number of mesh
points were 129 points for the width direction and 54 points for the
height direction, respectively. The mesh spacing of the computa-
tional domain was approximately 120 m. Although a two-
dimensional representation of the flowfield is not appropriate for
turbulent flow simulation, a velocity component perpendicular to
both flight path and altitude direction is not important, compared
with the other two components in the actual flight condition. A target
flowfield was set to the shear flow with disturbance, using a sine
curve to initiate K–H instability. The velocity field of the target flow
was determined by the following profiles:

u�x; y� �
�
20 m=s �y 
 4000 m�
�20 m=s �y > 4000 m� (22)

v�x; y� � 5 sin
10�x

16; 000
exp

�
�10

�
y � 4000

8000

�
2
�
m=s (23)

where a wave number was chosen to enhance a development of
vortices under the present flow conditions. The potential temperature
was set to 300K, and pressurewas set to hydrostatic equilibrium. The
computation was started from the preceding initial flow conditions,
and a velocity vector on a pseudo flight position was extracted to
create pseudo flight data at each time step. In this study, the pseudo
flight path was assumed to be a straight line, and its start and end
points were set to two cases named path 1 and path 2, as shown in
Fig. 6. The flight time was set to 100 s for both cases. As a result, a
ground speed Vg became approximately 100 m/s. In addition, a
combination of path 1 and path 2, referred to as path 1� 2, was
considered to investigate the effect of the increased number of flight
data points.Using the pseudoflight data extracted from the numerical
simulation results, the 4D-var method was applied to the flowfield,
starting from the shear flow without the initial disturbance for a
vertical velocity component. Computational conditions, including a
time-step size, were identical to those of the target flowfield. The
computation was performed over 550 s, starting from�50 s, and the
pseudo flight data were applied between 0 and 100 s, which
corresponds to the period in which the pseudo flight data were
extracted. In the case of path 1� 2, path 1 was applied from �50
until 50 s, and path 2 was applied from 0 until 100 s. For all cases,
only one velocity vector at the pseudo flight position was given as a
measurement at each computational time step.

Figure 7 shows the target flowfield at several time steps. Initial
disturbance is developed at T � 0 s, and “cat’s-eye” vortices are
seen at T � 50 s. A relatively stable flow state continued until
T � 200 s. On the other hand, the shear flow without the initial
disturbance did not show any development of vortices in the present
conditions. It is speculated from these results that the initial
disturbance played an important role in the time development of the
shear flow. Because the K–H instability is a highly unsteady flow
phenomenon, the resulting flowfield starting from different initial
conditions results in a significantly different unsteady flow state.

Pseudoflight data extracted from the targetflowfield for path 1 and
path 2 are shown in Figs. 8 and 9. In these figures, the solid line
corresponds to the vertical velocity component and the dotted line
shows the horizontal velocity component. Velocity components
have asymmetric distribution in the horizontal direction, despite the
targetflowfield being symmetric, because the pseudoflight datawere
extracted on each flight position at different times from an unsteady
flowfield. Fluctuations of velocity components are due to cat’s-eye
vortices of K–H instability. For the case of path 2, a horizontal
velocity increases from �28 to 28 m/s, with involved fluctuations
due to the cat’s-eye vortices, because path 2 is slightly slanted off the
horizontal.

2. Dependence of the Reproduced Flowfield on the Pseudo Flight Path

The 4D-var methodwas applied to the pseudo flight data extracted
from the target flowfield shown in Fig. 7. Figure 10 shows the
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Fig. 7 K–H instability flow used for the target flowfield.
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minimization histories of objective function J�Q0� for path 1, path 2,
and path 1� 2. Here, J�Q0� is divided by the number of data along
the pseudo flight path, because the number of data used to evaluate
J�Q0� varies depending on the pseudo flight paths. During the 4D-
var method iterations, the velocity vector and potential temperature
at flight position were assimilated. For all cases, the J�Q0�=Nf
decreases on the order of 103 after 100 iterations of the 4D-var
method. The reason for the large J�Q0�=Nf of path 1 compared with
path 2 at the 100th iteration is because path 1 involves large
fluctuations of velocity, because the pseudo flight path passes

through the center of the vortex street. On the other hand, path 2 is
slightly displaced from the center of the vortex street; therefore, the
fluctuations of velocity on path 2 are smaller than those of path 1, and
this leads to the smaller J�Q0�=Nf than for path 1. For path 1� 2,
J�Q0�=Nf became smaller than that of path 1 and path 2. This implies
that the difference between the pseudo flight data and corresponding
flowvariables of the reproduced flowfield decreases as the number of
sampling points increases. The minimization histories of J�Q0�=Nf
reveal that the present 4D-var method works even when only one
velocity vector is given as measurement data at one time step.

The reproduced flowfields for path 1 and path 2 are shown in
Figs. 11 and 12, respectively. In these figures, the velocity vector and
contour of velocity magnitude are also shown. Although the
reproduced flowfield involves small fluctuations of velocity
distribution compared with the target flowfield, a vortex street that
consists of four vortices is reproduced for both cases, as shown in
these figures. For path 2, the flowfield is more disturbed compared
with that of path 1, especially, at T � 0 and 50 s. Vortices in the left
side of the computational domain appearweaker than those of path 1.
The reason for these weak vortices is because the early part of the
pseudo flight data of path 2, which is used as a measurement on the
left-side region, does not include the information of the vortex street,
because of the higher flight position. Figure 13 shows the reproduced
flowfields for path 1� 2. The reproduced flowfield is similar to that
of path 1; however, a flowfield at T � 0 s is much closer to the target
flowfield thanwith path 1. It is confirmed that an increased number of
pseudo flight data improves flowfield reproducibility.

Figures 14 and 15 show the histories of the minimum and
maximum differences of the velocity magnitude between the target
and reproduced flowfield along the flight path for path 1 and path 2,
respectively. The decreases of the minimum and maximum
differences saturate at around the 50th iteration, although J�Q0�=Nf
keeps decreasing, as shown in Fig. 10. This implies that the decrease
of J�Q0�=Nf after the 50th iteration ismainly due to the agreement of
the time evolution of the flowfield with that of the target. The
maximum difference of the velocity magnitude was on the order of
0.1 m/s for both cases. Figure 16 shows the result for the case of
path 1� 2. A tendency similar to path 1 and path 2 is observed;
however, the decrease rate of the maximum difference around 80 to
100 iterations is larger than with path 1 and path 2.

Although it is difficult to identify a high degree of freedom of
Navier–Stokes equations by a limited number of measurements,
reasonable reproducibility was obtained by using the present
method. And better reproducibility of the flowfield is expected when
themeasurements include the primary features of the targetflowfield.

B. Numerical Simulation of CAT by Integrating Flight Data

Reproducibility of the flowfield using the 4D-var method with
limited measurements, one velocity vector per each time step, was
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Fig. 11 Reproduced flowfields for path 1.
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confirmed by numerical experiments in the previous section. Here,
the numerical simulation was performed by integrating two cases of
actual flight data.

1. Computational Setup

The computational domain for case 1 was 16,000 m in the
horizontal direction and 8000 m in the vertical direction, and that for

case 2 was 26,000 m in the horizontal direction and 14,000 m in the
vertical direction. The horizontal axis corresponds to the flight
distance, and the vertical axis corresponds to the altitude. Two
different mesh densities were examined for both cases. The numbers
ofmesh points were 150 � 64 (coarse) and 200 � 86 (fine) for case 1.
And the numbers of mesh points were 250 � 120 (coarse) and
375 � 180 (fine) for case 2. The mesh spacing in the center of the
computational domainwas approximately 100m for coarse and 75m
for fine meshes.

Fig. 12 Reproduced flowfields for path 2.

Fig. 13 Reproduced flowfields for path 1� 2.
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2. Reproduction of CAT

Figure 17 shows the histories of the objective function J�Q0�=Nf
for case 1 (coarse), case 1 (fine), case 2 (coarse), and case 2 (fine). The
objective function decreases on the order of 102 after 50 iterations of

the 4D-var method for all cases. The decreases of the J�Q0�=Nf
appear in similar magnitudes for all cases, although different flight
data and computational mesh points were employed. However, it is
apparent that finer-mesh computation degrades the convergence
property from the comparison of coarse- and fine-mesh cases.
Because the root-mean-square sum of the difference between the
measurements and computation is used to obtain the J�Q0�=Nf, the
J�Q0�=Nf simply increases as the number of mesh points increases.
It is also considered that the increase of the degree of freedom to be
determined by themeasurements with increasingmesh points affects
the convergence property.

Figure 18 shows the flowfields at the 50th iteration of the 4D-var
method for case 1 (fine). The velocity vector and contour of velocity
magnitude are shown in these figures. The flowfield at T � 20 s in
Fig. 18 corresponds to the time when an aircraft encountered CAT.
Sudden changes of the vertical wind of the flight data result in
vortices in this region. The primary vortices are pair vortices that
have opposite rotational directions, and a strong upwind is created
between these pair vortices. Figure 19 shows the results for case 2
(fine). In this case, T � 30 s corresponds to the time when an aircraft
encountered turbulence. An increase of upward wind is seen at
T � 30 and 70 s, and the upward wind spreads along the horizontal
direction. A clear vortex structure cannot be seen in this case.

From the comparison of the results between coarse and fine
meshes, the mesh density only affects the duration time of the
vortices, not the strength of the vortices for case 1 and the strength of
the upward wind for case 2. However, the two-dimensional
computation employed in this study is not accurate enough to
evaluate the decay time of the vortices. The results using the coarse
mesh show a reasonable vortex structure of CAT in comparison with
the fine-mesh case. Therefore, the information about the local wind
strength of CAT can be predicted even on a coarse mesh.

Figures 20 and 21 show the minimum and maximum differences
of the velocity magnitude along the flight path for case 1 (fine) and
case 2 (fine), respectively. As shown in thesefigures, decreases of the
minimum and maximum differences are slow compared with
the convergence history of J�Q0�=Nf. This tendency is similar to the
previous numerical experiments. In the case of actual flight data, the
initial flowfield of the 4D-var method was given so that they became
as similar to realflowfield as possible, based on the vertical profiles of
the horizontal velocity and the potential temperature obtained from
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Fig. 18 Reproducedflowfields atT � 20, 60, 100, and 140 s for case 1 (fine), whereT � 20 s corresponds tomaximumvertical acceleration inflight data.
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Fig. 19 Reproducedflowfields atT � 30, 70, 110, and 150 s for case 2 (fine), whereT � 30 s corresponds tomaximumvertical acceleration inflight data.
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Fig. 22 Distributions of the F-factor for case 1 (fine), in which time stamps correspond to Fig. 18.
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flight data or weather prediction results, for faster convergence. As a
result, the decrease of the maximum velocity magnitude was not so
significant. The maximum differences of the velocity magnitude
between theflight data and numerical results are the order of 1m/s for
all cases that use actual flight data.

C. Hazard Analysis

Figures 22 and 23 show the distributions of theF-factor for case 1
(fine) and case 2 (fine), respectively. A large F-factor is seen in the
region in which large vertical acceleration was observed in the flight
data for both case 1 and case 2. The region also corresponds to that in
which strong upwind was reproduced. A spotted distribution of the
F-factor for case 2 is finer than that for case 1. Because theF-factor is
calculated from the derivative of wind velocity, the distribution is

significantly affected by the fluctuation of wind velocity, especially
by the vertical wind component.

Figures 24 and 25 show the distributions of the a peak normal load
estimated from the root-mean-square normal load ��n, assuming a
specific aircraft [10]. In these figures, the contour map is plotted by
the deviation from the standard gravity condition in the unit of
gravity; that is, 1g corresponds to the standard gravity condition. The
region of large peak normal load agrees with that of the large F-
factor. The peak normal load has a smooth distribution compared
with that of the F-factor and covers the region in which the strong
vortices exist. For case 2 (fine), a strong upwind region is clearly
captured by the peak normal load, comparedwith theF-factor shown
in Fig. 23.

For use of the obtained hazard field as a reference hazard field for
lidar or radar simulation, smooth distribution obtained from the peak

Fig. 23 Distributions of the F-factor for case 2 (fine), in which time stamps correspond to Fig. 19.

Fig. 24 Distributions of the peak normal load for case 1 (fine), in which time stamps correspond to Fig. 18.
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normal loadwould be appropriate if the resolutionwas assumed to be
several hundred meters. Otherwise, a hazard field with finer hazard
distribution is obtained from the F-factor. The difference of mesh
density did not indicate a large influence on the distribution of the
evaluated hazard indices for both case 1 and case 2.

Figures 26 and 27 show the comparisons of the estimated peak
normal load along the flight path and vertical acceleration obtained
from the flight data for case 1 and case 2, respectively. Both peak
normal load and gravity acceleration are shownby the deviation from
the standard gravity condition in the unit of gravity. From these
results, the peak normal load represents the tendency of the vertical
acceleration, although its peaks could not be captured, because the
root-mean-square normal load was evaluated at 5-s intervals of flight
time. The dependence on mesh density is seen near the large peak of
vertical acceleration in the flight data for case 1. On the other hand,
themesh dependency is not seen in case 2, because the fluctuations of
wind velocity obtained from coarse and fine-mesh computations are
fine enough to evaluate the 5-s intervals of peak normal load.

VI. Conclusions

In this study, the numerical simulation of clear air turbulence was
carried out by integrating flight data based on the 4D-var method.
Objective function of the 4D-var method, which is determined by the
difference between the flight data and the numerical simulation
results, was successfullyminimized using the gradient obtained from
an adjoint code and the quasi-Newton method. The validation of the
4D-var method was made by using pseudo flight data extracted from

reference numerical simulation results. The results showed the
reproducibility of a flowfield by using spatially limited measure-
ments: for example, flight data. The reproduced flowfield is affected
by whether the pseudo flight data include dominant flow features.
Then the 4D-var method was applied to two cases of actual flight
data. Resulting flowfields showed a flowfield dominated by a vortex
pair and a flowfield dominated by a broad upwind region, depending
on the applied flight data. Hazard indices were evaluated from the
reproduced turbulence flowfield, and good correlations between the
evaluated hazard and vertical acceleration of actual flight data were
obtained.
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